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Approximation of Sine Series with Coefficient from Class of p-Supremum Bounded
Variation Difference Sequences
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Abstract: Recently, the monotone decreasing coefficients of sine series has been generalized by class
of p-supremum bounded variation sequences. Further, class of p-supremum bounded variation sequences can
be generalized by class of p-supremum bounded vanation difference sequences. In this study we compute error
about approximation of sine series with coefficient from class p-supremum bounded variation difference

sequerices.
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INTRODUCTION

Chaundy and Jollife (1917) proved the following
classical theorem:

Theorem 1: Suppose that {e,}c[0, <) is decreasingly
tending to zero. A necessary and sufficient conditions for
the umform convergence of the series 1s:

chksink:x
o (1)

is limka, =0

k—seo

The decreasing monotone coefficients (Eq. 1) are said
class of Monotone Sequences (MS) and has been
generalized by many researchers such as Tikhonov (2008),
Zhou et al. (2010) and Korus (2010). These classes are
GMS (General Monotone Sequences), NBVS (Non-one
sided Bounded Variation Sequences), MVBVS (Mean
Value Bounded Variation Sequences) and SBVS
(Supremum Bounded Variation Sequences). Zhou et al.
(2010) proved that MS<GMS<NBVS and Korus showed
that MVBVS<SBVS (Imron and Indrati, 2014).

Furthermore, Liflyand and Tikhonov (2011)
generalized GMS to g™, p-general monotone sequences),
l<pzee. Let ¢ = {a,} and B {P.} be two sequences of
complex and positive numbers, respectively, a couple
(e, P) € g™, if there exists C>0 such that:

1
n-1 . o
Z‘otk-otkﬂ <CB,
k=n

For p, 1<p<e. ITmron and Indrati (2013) generalized
MVBVSand SBVS to MVBVS, (p-Mean Value Bounded

Variation Sequences) and SBVS, (Supremum Bounded
Variation Sequences). A couple (¢, P)eMVBVS, if there
exist C>0 and A>2 such that:

In-1 . % [An]
{kak-o:kﬂ } <C Z B,
B

1<p=eo and (a2, B)eSBVS, if there exist C>0 and A=l
such that:

1
2n-1 ; C 2m
Z |ock -a,,[f | <=| sup Z B,
k=n n m2|:3:|k:m
¥

lzp<ee. A little modification of definition of SBVS,
gives a class SBVS2,. The couple (@, () is p-supremum
bounded variation sequences of second type, written
(. PIeSBVS2, if there exist C>0 and {b(k)}<[0,>)tending
monotonically to infinity depending only on {e,}
that:

such

1
2n-1 o ; C 2m
— < —
[kZ% % } n{msgg);BkJ

holds for p, 1<p<ce. Imron and Indrati (2013) have
shown that MVBVS cSBVS,. Imron and Indrati (2014)
generalized of to in the following defimtion, we
consider sequences ¢ = {o,} and p = {B,} be two
sequences of complex and positive numbers, respectively.

Definition 2: LetneN, a couple (a, B) 15 said to
be p-Supremum Bounded Variation Sequences order n,
written (¢, P)eSBVS,(AY, if there exist positive constant
C and v =1such that:
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1

[Zil A"-ak‘p}p <Sl s i men, 1<
" [
¥

k=n

p < oo, where A" o, = A™ o, A" -,
Note that (¢, B)eSBVS(A") is exactly. This class more
general than that one.

Definition 3: LetneN, a couple (&, P) 1s said to be
p-Supremum Bounded Variation of second type order n,
written (¢, P)eSBVS2,(A", if there exist C>0 and
1b(k)} [0, o) tending monotonically to infinity depending
orly on {e} such that:

1
mil , PR,
es <—| S , Im=n
[km . } n[»h(p Zﬁk}

For 1<p=ee, Note that (o, PleSBVS2,(A") is exactly
(, PeSBVSZ(A) = SBVS2, In the present study by
defimition class of p-supremum bounded variation of
difference sequences, like by Imron (2018) we shall
compute the error sine series with coefficient from
class p-supremum bounded variaton difference
sequences.

Definition and preliminaries: Inthe following definition,
we consider sequences ¢ = {a,} and p = {B,} and be two
sequences of complex and positive numbers, respectively
(Korus, 2010).

Definition 4: Let a class SBVS,(B, A" be given. Class of
SBVS(P, A" is defined as {c: (o, PieSBVS,(AM}.

Definition 5: Let a class SBVS2,(A") be given. Class of
SBVS2,(B. A% is defined as {a: (o, PIeSBVS2 (A",
Furthermore, we discussed error computation of sine
series with coefficients from class of supremum bounded
p-variation difference sequences. Let:

=3 o, sinvx (2)
v=1

The function represent that the sum of series on
these pomts converge so that the function feC([0, wt]).
The notation E(f) is the best approximation of f by
trigonometric polynomials of order m (DeVor and
Lorentz, 1991), where:

(3)

E, (f)=inf |f-p

reXm

And p is a trigonometric polynomial order less or
equal to n with:

peC[0,2n]:p(x) = a,+
PEX, =1 o
Z(C(.J cos jx-+cj sin ]x), k<m

1=1

And ||| norm on L,.
MATERITALS AND METHODS
This research was studied from literature and the
supporting scientific  journals to find a well
understanding, then the results related to the research
that has been published in the journal. Tn summary the
method of the research 13 applying the new class of

p-supremum bounded varnation difference sequences to
approximation of sine series.

RESULTS AND DISCUSSION

In this study, we compute the about
approximation of sine series with coefficient from class

p-supremum bounded variation difference sequences.

eITor

Theorem 6: Let ceSBVS(B, A", 1<p<cs, with [ real
non-negative sequence, if {c,} decreasing monotone:

1

a, =mZ,, SupZBk
And:

Sl | <[ s

m for ml<t<n-1, m=n then:

1

x 3
=S (g= X)‘ < 6C(m+2M)m P supZBk

1zhm g

lg(x)

where, C positive constant only depending on
SBVS,(B, A" with m=n, x = /M and xe(0, ©t].

Proof: Calculate g (x)-3,,;, ,, with:

m

S, (8 x)= "> ¢jsin jx

i1

We have:

g(x)-8, (g, x)= i ¢, sin kx

1151



J. Eng. Applied Sci., 14 (4): 1150-1154, 2019

Let xe(0, nt], for any we can find MeN such that - ” o
xe(m/M+1, T/M]. Since: <(m+2M)>’ 7 sup >R, ((ZSm)) d
5=0 ( Sm) 12b25 V=1
1 1
w €08 — X-COS (m+5x] ] . 1
> ¢, sin vx = < <— m+IM Y (myE g
vom 2Sian sinlx X ( )( ) C SUPZBv
2 2 m 12bm

1 1

, o Lo
By Abel’s transformation: < 40(m+2M)m ? supS By

1zhm
mc sin vk = A = mACD x)-c. D (x)=S+T Further:
k k™~"m m— m-1
k=m k=m
_ - I, = (m+2M)S:m Anas‘:
With: D, (x)= JZ:; sin jx ot
(m+2M)>° A 0:3‘<

And: N
® © Fme1 i3
5= Ac,D, (x), T=-C,D, (x) (m+2M) 37 [ 2 A, J

k=m

8 < 7C, | ad [T]< |C|
X X

We defined:
So: 1 .
Al=ZRe, = 2Me1)ic, G =7 D 2P
X = =i
o And by Holder inequality we get:
<(m+2ZM)|> AC,
s=m l
o | [z 7m-1 Pp 1
I, <(m+2M)3 [ S Ak, } ((zsm))lp
<(m+2M) Y |aC, A
Because of: o o
<{m+2M)C I;O”Tm
Aa, = Aa,, +A%a,, +,.., A" a, +A%, “) 50 m
+2M ¢
We get: < C(mmi)mccmz%
@ s=0
Al < (m+2M) 3 \/_\.ocsﬂt o HA |
fmm i ai
@ 2
(m+2M) Y |Aa, | = 1,4, = 2C(m+2M)m ?igkz;:ﬁk

s=1m

So, we have:

By Holder mequality, we get: Lo
|g(x)—Sm,l(g, X)‘ < 6C(m+2M)m * sngBk
izbin | o

L
o

((25111))1% With:

s=10 v=2m

L S(m-&-ZM)i {zfl‘/_\asﬂt o N, p]

mZn,x:landxe(O,n]
M
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Theorem 7: Let ceSBVS(B, A" 1<p<e with B real
non-negative sequence, if:
p}
=

= | —

o
-1
m( > ‘Acckﬂt s A 0
k=m

c a1
—| su B, ,m=n
m 12b£é §

1,1 21

m Fsup> B,

Izbm |

And:

Decreasing monotone, then:
1,1 21
E, (f)=<2 rrEax V[, H6C m P sup> B+
vel izhim o

6C(m+2M)(2m)» supi %

izhm o

With C positive constant depending class of on
SBVS,(B, AMand M = n/x for xe(0, ©], men>1.

Proof:
E.(g)= inf
With:
pi(x)= icv sinvx+ i C, sin{m-v)x
We get: h h

=

x)-{i C, sinvx+i Coin Sin(m-v)xJ

w=1 v=1

i C, sin vx-icw sin{m-v)x| =

v=m+1 v=1

Z C, sinvx+ Z C, sin vx- Z:Cn+v sin(m-v )x| =

v=2im+1 v=n+l =

i C, sin vx+i Con (sin (m-v )x—sin(m-v)x) =

v=2m+1 v=1

[ea] m
> C.sinvx-23"C,,, sin vx cos mx

v=2+ml v=1

<

+ > C,sinvx|= A+B

v=2m+1

m
23°C,., sinvx

v=1

With:

m
2|>C,,, sinvx

v=1

And:

w
Z C, sinvx

v=2m+1

For any xe(0, n) and j = [n/2x] by [x] is integer part of
x. If j=m, then:

SIN VX

m+y

= Xiv‘amw =
(5)

n e max vio,, | < S maxv|C,,,|
2] lsvim VT o jgymm | BT
If j=m, then sum:
m
3 C., sinvx

v=1

Broken mnto:

m
sinvx+ > C_, sinvx = [+,

v=7+1

m ]
M Csinvx =>"C_
v=1 v=1

By Eq. 5, we get:

Z AC,.,D, (x) = |ACV+m I| <
v=g+1 v= _|+1 (6)
XZ |Cv+m| = 7¥§g}év|cm+v|

By Abel’s transformation:

RIE

Z Acvﬂn v

v=1+1

+‘0:2mD'fn(x)‘+‘0: D? (x )‘

Hl+m " m

With:

= > sinvx
v=1
Forxe(0, t]we find D' (x)| <« w/x, so that, from Eq. 4, we
get:

2m-1

Ao+ +

B BLEIET

_Z|ACV+ID__Z n-1 n

Xy- Ital Xy- _|+m+1A O'uv+l+A
T[ 2m-1

1
‘Ao&m s TAT O | A“ccv‘ <
Xy _|+m+1
[2 ZT ]+m)
n-1

—Z ‘Ao&m s s TA O |

Xeo0 wv- J+m+1

where, t non-negatif integer and 2j<m<2"'j. Further we
defined:

1

= 21

1zhm g
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And we get:
nd (21" yom )
= Aa, + o, A
By Holder inequality, we get:
1
) g, o

izhm oy o
e t(2ﬁ+ﬂﬁ@?4 0 1
[t LA TN
4 x g 2Sj+m Xj E 25
1 a1
2C(1+m) 5 sup > B =

Further:

Cau D () #[Coren D] () = 2makis v[C...,

12vzn

By Eq. 5-8, we have:

1

+6C m ® sup Z B,

izhn g

C

A <2Zmax v

ve[l,m]

v+m

By Theorem 6, we have:

o
> C,sinvx

v=2im+l

= |f(x)—SZm(f, m)‘ <

6c(2m+2M)(2m) » SUp iﬁk

izh2mi

From Eq. 9 and 10, we have:
E (f)< ZIrbax v|C, .| +6C m ® supZ:Bk
ve izhn o

6c(2m+2M)(2m)'5 sup Zl: By

izham o

9

(&)

@)

(10}

where, C positive constant depending class of SBVS2,
mznand M = /x for xe(0, n].

CONCLUSION

In this study we have introduced the class
SBVS2(A"). We have investigated that error of sine series
with coefficient from class p-supremum bounded variation
difference sequences is:

C

vim

E (f)<2n%ax]v

+6Cm ? supz B+

izhn g

21

6C(2m+2M)(2m) p sup Z By

1zh2m g

where, C positive constant depending class of SBVSZ,,
mezn=1 and M = n/x for xe(0, ).
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